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We demonstrate excitation of phononic frequency combs in a Bulk Acoustic Wave system at a temperature
of 20mK using a single tone low power signal source. The observed ultra low power threshold is due to a
combination of very high quality factor of 4.2 × 108 and relatively strong nonlinear effects. The observed
repetition rate of the comb varies from 0.7 to 2Hz and spans over tens of Hz. The demonstrated system
is fully excited via piezoelectricity and does not require mode spectra engineering and external optical or
microwave signals. It is shown that the comb profile significantly depends on geometry of excitation and
detection electrodes. Observed strong Duffing nonlinearity below the generation threshold suggests that the
system is a phononic analogue to Kerr frequency combs excited in monolithic optical microresonators. The
ultra-low power regime opens a way of integrating this phononic system with quantum hybrid systems such
as impurity defects and superconducting qubits.
Photonic frequency combs generators are an impor-
tant tool used for many scientific applications allowing
to couple distant parts of frequency spectrum1. Amongst
others, these important applications include ultra stable
clocks and frequency metrology2–4 and spectroscopy5,6.
All of these system are photonic mostly utilising a
carrier signal at an optical frequency and RF or mi-
crowave repetition rates. The most popular ways to
generate such combs include mode-locked lasers7, (four)-
wave mixing/Kerr nonlinearity8–11. Despite the fact
that phononic systems also play an important role in
metrology and spectroscopy, demonstration of phononic
or acoustic wave combs have been sporadic12. Moreover,
their complexity, requirements to design a certain mode
structure, very high threshold powers13 and requirement
for extra laser sources14 make these systems inapplicable
for many low energy applications. In these applications
Bulk Acoustic Wave (BAW) devices found very exten-
sive use, e.g. frequency metrology15, quantum hybrid
systems16–18 and fundamental physics tests19–22. Addi-
tionally both bulk and surface acoustic wave devices are
utilised for spectroscopy23, detection and sensors24–26.
Recently nonlinear dynamics of mechanical systems in-
cluding comb generation has also became a subject of
theoretical research27. All these areas could benefit from
designing devices with frequency comb functionality.
To excite frequency combs at low power levels, one
needs a system with low losses and strong nonlinear ef-
fects. For these reasons, in this work, we employ a
phonon trapping28 SC-cut29 quartz BAW cavity30 oper-
ating at 20mK. The device is an SC-cut plano-convex
shaped plate of 1mm thickness, 23mm diameter and
300mm the radius of curvature. Quartz BAW cavi-
ties have demonstrated extremely high values of Quality
factors at cryogenic temperatures reaching the level of
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8 × 10919,30. In the same time these devices are able to
demonstrate a significant levels of nonlinearities. Tradi-
tionally nonlinearities in mechanical system are associ-
ated with a Duffing nonlinearity that is a consequence of
lattice anharmonicity, i.e. a nonlinear term in the Hook’s
law. This type of nonlinearity has been extensively stud-
ied for many types of mechanical systems31–33. Other
sources of nonlinearities come from thermoelectroelastic
effects34 and coupling to ensembles of Two Level Systems
(TLS), etc. TLS effects are present in many physical
systems operating at milli-Kelvin temperatures, such as
superconducting qubits, resonators and amplifiers35–37,
dielectric resonators38, mechanical resonators39. Partic-
ularly in BAW cavities, the presence of TLSs have been
demonstrated through a number of effects, namely, non-
linear losses19, magnetic field sensitivity (hysteresis and
memory behavior)39 and non-Duffing nonlinearities in
devices with high levels of impurities40, which become
dominant at higher frequencies. Thus, to exhibit only by
the Duffing nonlinearity, we limit the experiment only to
low order overtones. Particularly, the third overtone of
the fast shear mode (also known as the B-mode) at the
frequency fc = 5.506033MHz is used to demonstrate the
effect.
The experimental setup used in this work is shown in
Fig. 1 (A). The BAW cavity is placed inside a copper
holder attached to a base plate of a dilution refrigera-
tor cooled to 20mK. The internal volume of the holder
is 22mm diameter (with 1mm grove to hold the quartz
plate) and 10mm high. The holder is designed to have its
lowest frequency microwave resonances above a few GHz
to avoid any coupling to any BAW acoustic modes (lim-
ited to hundreds of MHz). The holder is not hermetically
sealed, thus the device is subject to the vacuum level of
the dilution refrigerator, which is about 3 × 10−6mbar.
The acoustic modes are excited and read out piezoelectri-
cally using two specially designed coaxial probes coupled
to the electric field of the structure. L-shaped and disk-
shaped antennas are attached to the central conductor
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2of the co-axial cable protruding from the outer coating
by few millimetres and is banded as shown in Fig. 1 (B).
This is different to the traditional way of excitation of
such devices where one uses relatively large flat electrodes
creating effective coupling capacitor. The probes are po-
sition to point directly at the centre of the BAW crystal.
The geometry of the antennas is optimised to increase
the transmission signal. The device is excited using a
single-tone RF signal synthesiser locked to a Hydrogen
maser to achieve the best frequency stability. The power
of the incident signal is controlled via a chain of room
temperature attenuators. Low frequency components of
the excitation signal are removed with a chain of cold
DC blocks with a cut off frequency of a few kHz. The
transmitted signal is amplified with a low noise amplifier
and detected using an FFT (signal) Analyser.
In the first experiment, the system response in terms
of signal Power Spectral Density (PSD) S(f) is measured
as a function of the pump frequency fp in the vicinity of
the acoustic resonance fs for the constant signal power P .
The result is presented in Fig. 2 where each vertical slice
of subplot (A) shows a single PSD trace of the output
signal for a constant incident signal frequency fp. Note
that each PSD is taken independently for a large number
of averages with sufficient time delay between two con-
secutive measurements. The measurement setup is stable
on these time scales because it is locked to an atomic fre-
quency standard. The BAW device parameters are not
sensitive to possible temperature fluctuations and other
effects. This method ensure the static picture of the re-
sponse. Fig. 2 demonstrates a frequency comb when the
pump signal frequency approaches that of the resonance.
The comb shows two thresholds on each side of the res-
onance. The repetition rate of the comb is about 0.8Hz
for fp = fc slightly increasing with the pump frequency.
The same threshold in comb generation is observed
by varying the incident power for the fixed excitation
frequency fp ≈ fc, which is shown in Fig. 3. The figure
also demonstrates a decrease of the repetition rate with
power.
In addition to the PSD of the transmitted signal, one
may measure transmission directly in terms of scatter-
ing parameters S21. For this the signal source and the
FFT analyzer are replaced with a network analyzer. For
this kind of measurement, one sweeps the frequency of
the pump signal and measures ratio of the transmitted
and incident wave. To avoid any distortion due to ringing
effect, the sweep time for one trace is taken to be 30 min-
utes. The result is shown in Fig. 7 where for low incident
power, a classical Duffing behaviour is observed. After
a bifurcation, the system demonstrates irregular behav-
ior that corresponds to the comb generation regime. In
this area between two ’Threshold’ labels, the output sig-
nal has more than one frequency component, thus, the
transmission as revealed by a receiving detector becomes
modulated resulting in this artefact. From these mea-
surements, in the linear regime, the Quality factor of the
resonance is estimated as 4.2 × 108. Fig. 7 also demon-
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FIG. 1. (A) Experimental setup for excitation of acoustic
frequency comb: a BAW cavity sits vertically in a Copper
holder at 20mK in a vacuum chamber. The signal is supplied
from the room temperature synthesizer via microwave cables
thermalised with DC blocks. The transmitted signal is ampli-
fied and analysed with an FFT machine. ~k is the direction of
the BAW propagation whose energy has a Gaussian distribu-
tion in the crystal plane (red curve). (B) L-shaped excitation
antenna (probe) coupling to electric field ~E. (C) Excitation
antenna with a disk.
strates the importance of the Duffing nonlinearity be-
low the generation threshold that can be seen even for
the lowest excitation power. This observation draws an
analogy with the photonic frequency comb based on Kerr
nonlinearity (due to third-order χ(3) component of the
electric susceptibility)11, which is a photonic analogue of
the phononic Duffing nonlinearity. In both systems, the
ultra-low generation threshold is achieved by a combina-
tion of nonlinear effect in low loss environment.
To understand the comb generation effects in the given
acoustic system, one may draw certain analogies and
point oit some differences with the optical counterparts.
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FIG. 2. (A) Output signal PSD S(f − fc) as a function of
pump frequency detuning fp−fc for a constant incident power
P = −66dBm. (B) Three PSDs for different constant incident
frequency fp and the same power P corresponding to slices of
(A) along y axis.
Based on the nonlinear elastic equations for a phonon
trapping cavity (see Appendix A), one may deduce an
equation of motion for a complex envelope of the dis-
placement signal Ux(z) (displacement along in-plane co-
ordinate x propagating along the thickness coordinate z):
∂τUx = −(κ+iΩ)Ux−iα∂2zUx−iγ∂z
[∣∣∂zUx∣∣2∂zUx]+F.
(1)
Here Ω is a scaled resonance frequency, κ is a loss coef-
ficient, F is a complex amplitude of external excitation,
α and γ are frequency scaled stiffness and nonlinear co-
efficients. The right hand part of this equation consists
of following terms: resonance frequency (complex and
real parts, i.e. damping and central frequency), disper-
sion term, nonlinear Duffing term and external forcing.
This equation is almost identical to the LugiatoLefever
equation1,41,42 which captures dynamics of the Kerr fre-
quency combs in optical systems. The major difference
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FIG. 3. (A) Output signal PSD S(f − fc) as a function of
pump signal power P for a constant incident frequency fp ≈
fc. (B) Two PSDs for different constant incident frequency
fp and different power levels P corresponding to slices of (A)
along y axis.
is in the nonlinear terms, Kerr and Duffing, where one
is given as a function of the complex envelope and the
other in terms of its first space derivative.
The major difference between optical Kerr combs and
the presented acoustic is the absence of a free spectral
range corresponding to the comb signal spacing. In prin-
ciple, absence of the equally spaced mode structure is also
a feature of combs in other mechanical systems13 and in
Whispering Gallery Mode crystals9,43. In the latter case,
an extra half degree of freedom arises due to the Fano
resonance, the phenomenon which in BAW community
is known as anti-resonance44. This typical additional
spectral structure is formed by the electrodes spurious
capacitance and acoustic equivalent inductance.
To understand the relationship between two types of
resonances in the system, we consider a simplified model
of a Bulk Acoustic Cavity with additional parasitic ca-
pacitance. Such capacitance arises due to excitation elec-
trodes in all types of BAW devices. For an external signal
it comprises a parasitic bypass short-circuiting mechani-
cal resonances. To capture the effect of this capacitance
4and demonstrate how it leads to two mode dynamics of
the system, we employ the well known Butterworth-van
Dyke model of a BAW device shown in Fig. 4. In this
model, mechanical motion of the system is modelled us-
ing motional capacitance Cx, inductance Lz and loss re-
sistance Rx. The shunt capacitance is represented by C0.
The system is coupled to the signal source Vi with loss
element Ri and the sink Rs. This is the simplest model
of the BAW cavity which does not capture all effects but
could be used to demonstrate generation of a photonic
comb.
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FIG. 4. (A) BAW cavity coupled to input and output trans-
mission lines via disk probes. (B) Equivalent circuit of such
device. The blue block represents the pure mechanical degree
of freedom.
The linear model in Fig. 4 (B) is described by the fol-
lowing set of differential equations:
Lxq¨x +Rxq˙x + C
−1
x qx = Vx,
(Rs +Ri)(q˙0 + q˙x) + Vx = Vi,
q0 = C0Vx,
(2)
where qx is a charge on equivalent mechanical capacitor,
q0 is a charge on shunt capacitor and Vx is a voltage
across the device. Equivalently, the system may be de-
scribed as follows:
d
dτ
 qxix
vx
 =
 0 1 0−ω20 −γi g
0 −g −γv
 qxix
vx
+
 00
f
 (3)
where γi = Rx/Lx, γv = 1/(Ri + Rs)/C0, ω
2
0 =
1/(CxLx), g
2 = 1/(C0Lx), vx = Vx/(gLx) and vi =
Viγz/(Lxg).
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FIG. 5. (A) System response in current and voltage con-
figurations. (B) Scaled frequency difference between cur-
rent and voltage resonances of ∆ω as a function of coupling
g/ω0 =
√
Cx/C0.
Resonance of the system (3) can be understood as an
equivalent voltage resonance or antiresonance: one im-
poses voltage vi over the plate and detect the current ix.
It corresponds to poles of the 3×3 matrix on the left hand
side of this system. The other type of resonance is an
equivalent current corresponding to the situation when
one injects current and detects voltage. This situation
corresponds to zeros of the 3× 3 matrix on the left hand
side. The frequency difference between the two increases
with increasing shunt capacitance. This is demonstrated
in Fig. 5 where the frequency difference between zeros
and poles of the system is shown as a function of pa-
rameter g/ω0 =
√
Cx/C0. In fact, this parameter can be
very small due to smallness of equivalent motional capac-
itance Cx. This can render the frequency difference to a
few Hz. Moreover, the system can be understood as a
strongly coupled resonance-antiresonance system where
equivalent voltages and currents that are mixed through
5the strong Duffing nonlinearity. This model also explains
change of the comb spacing with the applied power by the
fact that the resonance frequency shifts with respect to
the anti-resonance according to the Duffing model.
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FIG. 6. (A) Power Spectral Density of a steady state sig-
nal ix obtained by numerical simulation of the BAW model
with shunt capacitance g/ω0 and Duffing nonlinearity. (B)
Corresponding transmission responses.
To demonstrate the ability of the system to generate a
comb, we add a Duffing term κq3x into the second equa-
tion of motion in system (3) and simulate the resulting
system of nonlinear equations. The simulation is done in
time domain, Power Spectral Densities (PSDs) are calcu-
lated for steady state regimes. Stability of the solutions
is verified by changing time steps and tolerances of the
simulations. The two loss rates are chosen to be much
less than g, i.e. γi = 10
−6ω0 and γi = 10−4ω0. An ex-
ternal signal is pumped at frequency ω0. Note should
be taken that all simulation parameters are chosen for
demonstration purposes and only roughly correspond to
the parameters of the actual system. The resulting PSDs
for different values of scaled coupling g/ω0 are presented
in Fig. 6 (A). In this Figure, the comb repetition rate is
clearly linked to the spacing between resonance and an-
tiresonance in Fig. 6 (B), and affirms the experimental
results presented in this work.
It has to be emphasised that the comb generation can-
not be related to spurious mode coupling. The mode
spectrum of the quartz BAW resonators of this kind is
well known both from theoretical calculations28 and ex-
periment, e.g. X-ray topography45. The closest modes
of the same family with a different in-plane mode num-
bers are situated at least several kHz away that com-
prises a few tens of thousands linewidths. The shear
mode with orthogonal polarisation is below 5 MHz. Also,
similar comb effects are observed for other shear mode
as well. Although the observed generation threshold is
higher due to lower Quality factors of the corresponding
modes. The longitudinal modes exhibit higher resonance
frequencies due to a significantly different wave velocity
lacking the comb generation. This may be attributed to
the fact that these modes exhibit a very different type of
nonlinearity19,39.
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FIG. 7. (A) Transmission through the BAW cavity |S21(f −
fc)| for different values of the incident power P . (B) Three
examples of transmission for different constant power levels
corresponding to slices of (A) along y axis.
As suggested above, the observed comb generation is
related to the anti-resonance phenomenon, and thus, on
the system response should significantly depends on the
geometry of the excitation electrodes. To verify this
statement the system has been excited with a different
type of antenna. In the previous results, the system was
excited using L-shaped asymmetric probes. A qualita-
6tively different result is observed when both probe an-
tennas have a metallic disc (1cm diameter sticking 4mm
from the copper surface) at their end which is shown in
Fig. 1 (B). The system response for such configuration is
shown in Fig. 8. Here, the comb appear to be at lower
incident power level (−80dBm) with clear one-sided char-
acter. The comb repetition rate is about 1.5 Hz and can
be adjusted in the range between 0.7 and 2 Hz. Due to
very low level of the output signal, these results do not
display a sharp threshold as it occurs below the noise
floor. Another interesting phenomenon shown in this
figure is the increase of noise in the generation regime
(curve (2)). Such excess noise in BAW devices and its
dependence on power levels have been a subject of inves-
tigation for many decades as it limits the performance
of these devices at room temperature46,47. Although the
origins of such phenomena are still unknown.
-10
-10
(B)
(A)
(2)
(1)
(3)(2)
(1)
(3)
(1) (2) (3)
FIG. 8. (A) Output signal PSD S(f − fc) as a function of
pump frequency detuning fp−fc for a constant incident power
P = −80dBm for a system excited with a metallic disc anten-
nas. (B) Three PSDs for different constant incident frequency
fp and the same power P corresponding to slices of (A) along
y axis.
In summary, we experimentally demonstrated excita-
tion of ultra-low threshold phononic frequency comb in
cryogenic environment. The result is achieved to very low
acoustic loss and strong nonlinearities. The comb genera-
tion is supported by the anti-resonance phenomenon due
to electrodes that is demonstrated by numerical simu-
lation. The comb profile could be engineered with the
electrode geometry. On the other hand the method does
not require special designs of mode spectra or external
microwave or optical signals. The system demonstrates
similarities with optical Kerr effect frequency comb gen-
erators based on optical microresonators. Because of its
ultra low power, the system becomes compatible with
quantum hybrid systems16–18, particularly superconduct-
ing and impurity defects qubits, and can be used for
their manipulation48,49. Other applications include sen-
sors, phonon based computations50 and tests of funda-
mental physics tests19–22. Finally, such system may be
used to improve the BAW device technology through
deeper understanding of fundamental processes in solid
state acoustics and limiting mechanisms such as the drive
level sensitivity and excess noise46,47.
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Appendix A: Elastic Nonlinearity in a BAW Cavity
To discuss nonlinearities in a curved (phonon trap-
ping) BAW cavity, we consider a crystal plate oriented
in such a way that the the crystal thickness is along co-
ordinate z (see Fig. 1). Nonlinear Equations of Motion
(EOM) for mechanical displacement u = (ux, uy, uz)
T
of a shear mode with ux being the major component
(|∂zui|  |∂xui|, |∂yui|) are presented as follows51:
ρ∂2t ux − c(1)∂2zux − γ˜∂z
(
∂zux
)3 − β˜1∂z(∂zux)2
−2β˜2∂z
(
∂zux∂zuz
)− 2β˜2∂z(∂zux∂zuy) = fx,
ρ∂2t uy − c(2)∂2zuy − β˜2∂z
(
∂zux
)2
= fy,
ρ∂2t uz − c(3)∂2zuz − β˜2∂z
(
∂zux
)2
= fz,
(A1)
where ρ is specific mass, c(i) are so-called piezoelectri-
cally stiffened eigenvalues, fi are forcing signals, γ˜ and
β˜i are nonlinear coefficients. For these equations, one
neglects space derivatives with respect to in plane coor-
dinates x and y as variation along these axes are signifi-
cantly smaller than along the thickness axis z.
Equations of (A1) include two types of nonlinearities:
self nonlinearities (third and second order in terms of
EOMs) of the main component of displacement ux, cross
nonlinearities between displacements in different direc-
tions (all second order). It is widely accepted that the
third order nonlinearities in terms of EOMs are the dom-
inant for solids33,46,52, thus for the first simplest model
all β coefficients could be neglected. This leaves only one
EOM for the major component ux(z).
By going into the space of slowly varying (both in space
and time) complex amplitude Ux(τ, z), one can transform
these equations into the complex form:
∂τUx = −(κ+iΩ)Ux−iα∂2zUx−iγ∂z
[∣∣∂zUx∣∣2∂zUx]+F,
(A2)
8where Ω is a scaled resonance frequency, κ is the loss co-
efficient, F is a complex amplitude of external excitation,
α and γ are frequency scaled stiffness and nonlinear coef-
ficients. The right hand part of this equation consists of
following terms: resonance frequency (complex and real
parts, i.e. damping and central frequencies), dispersion
term, nonlinear Duffing term and external forcing.
Equation (A1) describing spatial and temporal evo-
lution of nonlinear acoustic excitation is analogous to
the LugiatoLefever equation41 used to describe Kerr fre-
quency combs in optical microresonators1,42:
∂τE = −(κ+ iΩ)E − iα∂2zE − iγ
∣∣E∣∣2E + F,
(A3)
where E is the complex amplitude of the electrical field.
Similar to acoustic equation (A2), the right hand part
of the LugiatoLefever equation consists of resonance fre-
quency (complex and real parts, i.e. damping and cen-
tral frequencies), dispersion, nonlinear Kerr and external
forcing terms.
The major difference between the photonic and
phononic nonlinear equations (A3) and (A2) is the non-
linear term where one is written in terms of the complex
amplitude E and the other in terms of the first spatial
derivative of the complex amplitude U . The latter arises
due to the fact that the nonlinearity originates from the
strain rather than displacement itself.
